Structure of Polynomial Representations 
for Orthosymplectic Lie Superalgebras 



Cuiling Luo 

Institute of Mathematics, Academy of Mathematics & System Sciences, 
Chinese Academy of Sciences, Beijing 100190, China 

^ ' E-mail: luocuiling@amss.ac.cn 

a 



o 

(N 



Abstract 



Orthosymplectic Lie superalgebras are fundamental symmetries in modern physics, 
such as massive supergravity. However, their representations are far from being 
thoroughly understood. In the present paper, we completely determine the struc- 
ture of their various supersymmetric polynomial representations obtained by swap- 
i -^h ■ ping bosonic multiplication operators and differential operators in the canonical 

supersymmetric polynomial representations. In particular, we obtain certain new 
infinite-dimensional irreducible representations and new composition series of inde- 
composable representations for these algebras. 
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: 1 Introduction 

o 

Lie superalgebras were introduced by physicists as the fundamental tools of studying the 
supersymmetry in physics (e.g., cf. [2-4], [7], [26], [29]). For instance, orthosymplectic Lie 
superalgebras are symmetries of massive supergravity (cf. [3], [4]). Kac [13] gave a classifi- 
cation of finite-dimensional Lie superalgebras. Unlike Lie algebra case, finite-dimensional 
modules of finite-dimensional simple Lie superalgebras may not be completely reducible 
and the structure of finite-dimensional irreducible modules is much more complicated due 
to the existence of so-called atypical modules (cf. [14], [15]). Serganova [25] gave a nice 
survey on characters of irreducible representations of simple Lie superalgebras. Indeed, 
representations of orthosymplectic Lie superalgebras are the most complicated among all 
the classical Lie superalgebras and people could so far only get partial information of 
them. 

Palev [24] found the para-Bose and para-Fremi operators as generators of orthosym- 
plectic Lie superalgebras. Farmer and Javis [9] constructed irreducible representations 
of osp(3\2) and osp(4|2) by superfield techniques. Moreover, they [10] enumerated finite- 
dimensional graded tensor representations of orthosymplectic Lie superalgebras via stan- 
dard Young diagrams. Van der Jeugt [27] investigated representations of osp(3\2) by 



means of the shift operator technique. Gould and Zhang [12] determined all the finite- 
dimensional unitary representations of osp(2\2n). Nishiyama [21] studied unitary repre- 
sentations of orthosymplectic Lie superalgebras via supersymettric Heisenberg algebras. 
He [22] also obtained the characters and super-characters of discrete series representations 
for orthosymplectic Lie superalgebras. Furthermore, he [23] investigated representations 
of the superalgebras via super dual pairs. 

Lee Shader [16] investigated certain typical representations of orthosymplectic Lie su- 
peralgebras. Moreover, Benkart, Lee Shader and Ram [1] studied the tensor product 
representations of orthosymplectic Lie superalgebras over the canonical represenations. 
Lee Shader [17] obtained certain characteristics of representations for Lie superalgebras 
of type C. Cheng and Zhang [6] found a combinatorial character formula for orthosym- 
plectic Lie superalgebras via Howe duality. Dobrev and Zhang [8] classified the positive 
energy unitary irreducible representations of superalgebras osp(l,2n,M). Furthermore, 
Cheng, Wang and Zhang [5] presented a Fock space approach to representation theory of 
osp{2\2n). 

Lievens, Stoilova, and Van der Jeugt [18] got unitary irreducible representations of the 
Lie superalgebra osp(l\2n) via the paraboson Fock space. Moreover, they [19] found a 
class of unitary irreducible representations of the Lie superalegbra osp(l\2n). Zhang [29] 
investigated the Schrodinger equation on the superspace R m l 2 « which involved a poten- 
tial that varied as an inverse power of the osp(m|2n)-invariant distance from the origin 
and lead to interesting results regarding the infinite-dimensional representations of the 
orthosymplectic Lie superalgebra osp(2,m + l\2n). In the appendix, he also presented the 
structure of a canonical supersymmetric polynomial representation for osp(m\2n) when 
m — 2n > 1. 

In this paper, we completely determine the structure of various supersymmetric poly- 
nomial representations of orthosymplectic Lie superalgebras obtained by swapping bosonic 
multiplication operators and differential operators in the canonical supersymmetric poly- 
nomial representations. In particular, certain new infinite-dimensional irreducible repre- 
sentations and new composition series of indecomposable representations for these alge- 
bras are obtained. Below we give a technical introduction to our results. 

Denote by Z the ring of integers and by N the set of nonnegative integers. For conve- 
nience, we also use the following notation of indices: 

ij ={i,i + l,...,j}, (1.1) 

where % < j are integers. Moreover, we also use {0, 1} to denote Z 2 = Z/2Z when the 
context is clear. Let E^j be the square matrix whose (i,j)-entry is 1 and the others are 
zero. The general linear Lie superalgebra of (m + 2n) x (m + 2n) matrices gl(m,2n) = 
gl(m, 2n) © gl(m, 2n)i with 

m 2n m 2n 

gl(m,2n) = GE7 ij -+ CE m+S;m+t , gl(m,2n)i = ^ y^(C^ m+s +CE m+s ^) (1.2) 

i,j=l s,t=l i=l s=l 



and the Lie superbracket: 



[u, v } = uv — (— l) tlt2 t>-u for u G gl(m, 2n) t , v G gl(m, 2n) t 



1.3) 



Assume that m = 2m 1 is an even integer. The orthosymplectic Lie superalgebra osp(m, 2n) 
is the subalgebra of gl(m, 2n) consisting of the matrices of the form 



(A B H H 1 \ 

C -A T K K x 

Kf El D E 

\ -E T -E T F -D T ) 



:i-4) 



where A, B and C are m x x m x matrices such that B = —B T , C = —C T ; D, E and F are 
n x n matrices such that E = E T , F = F T ; E, Hi, K and Ki are m x x n matrices. Let 
A = C[xi, ■ ■ ■ , x m , 9i, ■ • • , 02n] be the polynomial algebra in bosonic variables xi, ■ ■ • ,x m 
and fermionic variables 61, • ■ ■ , 6 l 2r) ,, i.e. 



(1.5) 



XiXj — XjXi, 0p6g — dqdpi %i@p — @p%ii ^ij G 1,171, p, Q G 1,271. 



Taking r G 0, m, we have the following supersymmetric polynomial representation of 
gl{m\2n): 

-Xjd^-Sij if i,jel~r, 

E ijU = S 



~ Ob i Ob j 



if i G 1, r, j G r + 1, m, 
if j G 1, r, i G r + 1, m, 
if i,j<Er + 1, m, 



d Xi de p if i G l,r, p G 1, 2n, 

if i E r + l,m, p E l,2n, 



(1-6) 



— ^pXj if j£l,r, p G l,2n 
flpd^ if j G r + 1, m, p G 1, 2n, 



^m+j),m+?U = ^p^f 9 if P 5 ? e 1) 2n, 
which is obtained from the canonical supersymmetric polynomial representation (r = 0) 
by swapping d Xi and — Xi for i 6 l,r. In particular, we have the restricted representation 
of osp{m, 2n) on A. 
For k G N, we define 



A r k = Span • • • e it G X | < t < 2n; h, ■ ■ ■ , % t G 1, 2n; a G N m ; 

r m 
i=l j=r+l 



:i-7) 



Then subspaces A r k form osp{m, 2n)-submodules. We can assume r < mi by symmestry. 
Denote 

r mi n 

A = - ^2xid Xmi+i + ^ d x .d Xmi+i +^d ej de n+j , (1.8) 



r "\ n 

i=l i=r+l j=l 

Set 

w; = {/g^;| a(/) = o>. (1.10) 

Denote by (F) the osp(m, 2n)-submodule generated by a subset F. 
Theorem 1. We have the following conclusions: 

1) Assume r = 0. If k > 2(n - m x + 1) ork<{n-m 1 + I), then A° k = 'H k ®r]A k _ 2 
and the subspace is an irreducible osp(m,2n)-submodule. When (n — mi + 1) < k < 
2(n-m 1 + 1), 

^1 D V k - (n - mi+1) n° 2{n _ mi+1) „ k D {0} (1.11) 

is a composition series. 

2) Suppose r = rri\. We always have A^ = V, 1 ^ © r\A n k \ 2 . If k > n, V^ 1 = {0}. 
When k <n, the subspace H™ 1 is an irreducible osp(m,2n)-submodule. 

3) Assume < r < m\. If k < n — mi + r + 1, then A k = W k Q)i]A r k -2 an< ^ 
submodule W k is irreducible. When k > n — m 1 +r + l, we have the following composition 
series 

n r k D V k - n+mi - r - l n- k+ 2 ( n- mi+ r + i) D {0} ifr < m x - 1; (1.12) 

K 1 ' 1 «) v^n^-l d {o}. (i.i3) 



Take a subset T of l,2n. Denote T = l,2n \ T. Let osp(m,2n) act on .4/ = 
C[xi, • • • ,x 2 „; 6»i, • • • ,9 m ] via 



Ep, q \ A ' = 8 P de q ttp,qel,m, 

-Xjd Xi - 6 itj if i,j eT, 

d Xi d Xj if / e V. ./ •: 7 . 

m+i ' m+J ' u ' ~ ] - Xi xj if tef, 3 e T, 

Xid x . if i,j G T, 



1.14) 



p I J if ieT, pel, m, 



-En 



-^Xj if j eT, p e l,m, 



Then we obtain another supersymmetric polynomial representation of osp{m,2n), which 
is obtained from the corresponding canonical one (T = 0) by swapping d Xi and — Xi for 
ieT. The subspace 

.44 = Span {x a 9 h ■ ■ ■ 9 k e A' \t G 0,m; ii, • • • , i t G l,m; a G N 2n ; 
^on-^ai = k-t} (1.15) 

i6T ieT 



forms an osp(m, 2n)-submodule for k e N. Denote 



Si = {iEl,2n\ieT, n + ieT}, T x = {i e 1, 2n \ i e T, n + i G T}. (1.16) 
Theorem 2. T/ie following statements hold: 

1) The submodule A' k is irreducible when Si U 7\ 7^ 0. In particular, A' k is not highest 
weight type if Si 7^ and Ti 7^ 0. 

,2) Suppose Si = and Ti = 0. We may assume T — l,n by symmetry, 
a) The submodule A' k is irreducible when k 7^ mi. 

^ T/ie submodule A'„ h = (9i ■ ■ ■ 6 nii ) © ((x n _ia;2„ — x n X2 n -i)^i • • • ^ ) a dzreci sum 
of two irreducible submodules. 

Suppose that m = 2mi + 1 is an odd integer. The orthosymplectic Lie superalgebra 
osp(m, 2n) is the subalgebra of gl(m, 2n) consisting of the matrices of the form 



/ 


A 


B 


U 


H 


Hi 


\ 




c 


—A T 


V 


K 


Ki 






-V T 


U T 





M 


Mi 






KJ 


HI 


Ml 


D 


E 




V 


—K T 


—H T 


-M T 


F 


—D T 


J 



where A, B and C are mi x m x matrices such that B = —B T , C = —C T ; D, E and F are 
nxn matrices such that E = E T , F = F T ; H, Hi, K and K x are m x x n matrices; U and 
V are m x x 1 matrices; M and M x are 1 x n matrices. Similarly, we have a representation 
of osp{m, 2n) on A = C[xi, ■ ■ ■ , x m , 61, ■ • • , 9 2n ] via (1.6), (1.17) and a representation of 
osp{m, 2n) on A' = C[x 1 , ■ ■ ■ , x 2n ] Oi, • • • , m ] via (1.14), (1.17). 

Theorem 3. All the osp{2m + l,2n) -submodules W k and A' k are irreducible. 

In addition to the results given in the above, we have also constructed a basis for the 
module W k , and the submodules (6>i ■ • -6^) and ((x n -iX2 n — x n X2 n -i)0i ■ ■ -0^) in b) of 
2) in Theorem 2. 

In Section 2, we prove Theorem I. Moreover, Theorem 2 is proved in Section 3. We 
give a proof of Theorem 3 in Section 4. 

2 Proof of Theorem 1 

In this section, we discuss the polynomial representations of osp{2m\, 2n) {mi > 0, n > 0) 
defined via (1.6). 



Recall the Lie superalgebra osp(2mx,2n) given (1.4). The even part of osp(2m,2n) 

m, 

osp(2m 1 , 2n) = ^ [ C ( E i,j ~ E^+j^+i) + C(E ijrrh+j - E j>mL+i ) 

n 

+C(E rrlL+ i ) j — Err^+jj)] + [C(E 2mL +p, 2m 1 +q E^m^+n+q^rr^+n+p) 

p,q=l 

-\-C(E2m 1 +n+p,2m 1 +q + -^277^ +n+q,2m l +p)] (2-1) 

is a subalgebra isomorphic to o(2mi, C) © sp(2n, C) and the odd part is 

rr\ n 

OSp(2mi, 2n)i = [C^i^n^ +p ~ E2m l +n+p,rn 1 +-i) + ^(Ei^rr^+n+p + E2m 1 +p ) m 1 +i) 

i=l p=l 

~\~^(Em 1 +i,2m 1 +p ~ E2m 1 +n+p,i) + C(£' mi +i^2n\ +n+p + ^n^+p.i)] • (2.2) 

Take 

^ — C(Ei^ — -E'm 1 +i l m 1 +j) + ^(^2^+^,2^+^ — E2m 1 +n+j,2m 1 +n+j) (2-3) 

i=l j=l 

as a Cartan subalgebra of osp(2n\, 2n). Let Ai, • • • , A,^ , z/ 1; • • • , v n be the fundamental 
weights of o(2m 1; C) © sp(2n, C). Let 

osp{2n\, 2n) + = ^ ( C ( E i,j _ ^r^+i^+i) + C(£ iimi+i - E j>mi+i )) 

+ ^ ] ^(^n^+p^n^+ijr — -^2??^ +n+<?,2m L +n+p) 
l<p<g<n 

+p,2m 1 +n+q + -E^rr^ +g,2m L +n+p) 

l<p<g<n 

^ ] (C(-E'i ) 2m l +g — E2m 1 +n+q,m 1 +i) 

2m 1 +n+q E2m 1 +q,m 1 +i) S ) i (2-4) 

and osp(2n\, 2n)+ = osp(2n\, 2n) a fl osp(2rr\, 2n) + for cr = 0, 1. A weight vector f E A r 
is called a highest weight vector if osp(2n\,2n) + (f) = 0, and the corresponding weight is 
called the highest weight. 

We first quote a useful lemma found by Xu 



Lemma 2.1 Suppose A is a free module over a subalgebra B generated by a filtrated 
subspace V = {J^L V r (i.e., V r C V r+ \). Let T\ be a linear operator on A with a right 
inverse T{~ such that 



Ti(B),Tf(B)cB, r 1 (mv2) = r 1 (m)v2, TfM 2 ) =rr{m)m (2.5) 



for 771 G B, i]2 G V , and let % be a linear operator on A such that 



T 2 (V r+1 ) c BV r , WO = /75(C) for 0<reZ, feB, (eA. (2.6) 
Then we have 

{geAUr 1 + r 2 )(g) = 0} 

= S P an{f:(-T 1 rT2)Khg)\geV,heB;T 1 (h) = 0}, (2 ' 7) 

i=0 

where the summation is finite under our assumption. 

Below we discuss the osp(2n\ , 2n)-module structure of A r k case by case. 

Case 1. r = 

In this case, 

i=l j=l i=l j=l 

The subspaces A° k (k G N) are all finite dimensional and A° k = when k < 0. Moreover, 
-4° = ^° © ^^°-2 when n\ = or n = 0. 

Theorem 2.2 If k > 2(n - n\ + 1) or k < (n - rr\ + 1), £/ien ^ = H° k © ^°_ 2 
subspace T-L k is an irreducible osp(2rr\,2n)-submodule with highest weight vector x\ and 
the corresponding highest weight k\±. When (n — rr\ + 1) < k < 2(n — rr\ + 1), 

n 3 ^"^^(n-^+i)-* 3 {0} (2.9) 
is a composition series. Moreover, 

£ r *+£^ m t _1 / a- \ / a j. \ n 

(-1) - 1 ss ! nn! * a y i n 

r i=l V A » / V li J 3=1 

J— rr\-l n vr\-l n 

ri '"''>^ K+En + E g!(« 2 „, + E n + E IjV- 



ll,-,ln€{0,l} 



i=l j=l i=l j=l 



a mi + E n+Y.h a 2 m^+ E n+jr, h r " 1 ~ l n 

XX "i 1 X 2mi 11 X « X rn l +i \_\_ V j Pn+j 

i=l j=l 

2"\ 2n 

I «i, • • • e N,Zi • • • ,i 2n e {0, 1}; a^asm, =0; + J^Zj = A;} (2.10) 

i=i 3=1 

is a basis ofH k (k > 0). 



Proof. We divide our arguments as the following steps. 
(1) Tie submodule Hi is generated by x\ for k > 0. 



It is well known that = (x\) when n — 0. Now assume k > 2. Take induction on 
n. For any 7^ / G "H°, we can write 

f = f0 + flOn + /2^2n + hOJ 2n , (2.11) 

with 

/i G C[xi, • • • , x 2mi ; #1 • • • , n _i, n+ i, • • • , ^2n-i]- (2-12) 

We denote 

"\ n -i 

A' = X>A^ +i + I>A + . ( 2 - 13 ) 



i=\ j=i 

and get 

= A(/) = A'f + (A7x)0 n + (A'/a)^ + (A'f 3 )0J 2n - f 3 . (2.14) 

Hence 

A'(/i) = A'(/ 2 ) = A'(/ 3 ) = 0, A'(/o) - / 3 = 0. (2.15) 

By induction, 

f 1 =X'(x k 1 - 1 ), h=X\x\- l ) 1 f 3 = X(x k 1 - 2 ) (2.16) 
for some X',X",X G U(osp(2m l ,2(n - 1))). Thus 

flQn = -^^'(E^ +1,2^+271 + -E , 2m l +n,l)(2 ; l), (2-17) 
/2#2n = -j^X" {E2m l +2n,l — +1,2^ +n) {x\ ) . (2-18) 

Moreover, 

h = X(x\- 2 ) = A'i^Xixt'x^)) (2.19) 

because [A',X] = 0. So 

= A'(/ )-/ J = A'(/o)-A'(^(^\ + i)) 

= A'i/o-^I^- 1 ^^)), (2.20) 

which implies 

/o - -^X^-^+x) G [7(0^(2^, 2(n - l)))(x*). (2.21) 

Note 

— — -a;* 1 x mi+ i+xJ : 2 6 n 62n 

— _ -q (-E'm l +l,2m 1 +n — E2m L +2n,m)(Em 1 +l,2m l +2n + +n,l) (^l) ■ (2.22) 



Thus 

^ "A m, +.1 Jj t" ,l\"„ ' ,I2"2, 



f = (/o-^ T X(^- 1 a :„ )i+1 )) + /i^ + M 

1 



+ X (^n x t 1 Xn h+ i + x k - 2 6J 2n ) G (x\). (2.23) 



(2) The submodule T-L\ is irreducible if k < (n — n\ + 1) or k > 2{n — rr\ + 1). 
Denote 

Vx = ^2xiX mi+ i, 7]e = ^9,jO n+j . (2.24) 
i=l j=l 

Then i] = i] x + r/e. By direct calculation, we get all the weight vectors in A% annihilated 
by osp(2m, 2u)q are scalar multiples of the following elements 

i 

Y,^t 2l - t V l x - l vlOi---dt (2.25) 

i=0 

with I — 21 — t > 0, I > 0, < t < n and a { = for i > n — t. Suppose 
E a^- 21 -^ 1 -^ ■■■9 t eH° k . Then 

i=0 

I 



i=0 

i-i 

= -i){k-l-t + m L -l- i)x k l ~ 2l - t r 1 l x 7 i ~ 1 46 l ■ ■ ■ 6 t 

i=0 

i 

- a A n ~t-i + l)x k 1 - 2l - t rf~ t rf e - l 6 l ■■■9 t (2.26) 



by (4.31) in [28]. So 

di(l — i)(k — I — t + n\ — 1 — i) — a i+1 (i + l)(n - t - i) = (2.27) 

for < i < n — t and I < n — t. Thus up to a scalar multiple, all the weight vectors in 
Hi annihilated by osp(2n\ , 2u)q are 

for < t < n and < I < min{n - t, \{k - 1)}. 
Note 

/o,t-l = ("I) j i _ t j rm (-^1,2^+* - -^2m 1 +n+t,m 1 +l)(/o,t) (2.29) 

for < £ < ra and 

(£i, 2 ^ +n+t+ i + £ t+1 ,^ +1 )(/ M ) = (-l)'" 1 ^ + ^ - n - 1 - l)fi- w (2.30) 
for < I < min{n — t, ^(k — t)}. If k < (n — n\ + 1), then 

A; + m 1 -n-l-/<-/<0. (2.31) 

When k > 2{n — rr\ + l), 

A; + m 1 -n-l-/>A; + m 1 -n-l-i(A;-t)>iA;-(n-m 1 + l)>0. (2.32) 



Thus x\ is the only highest weight vector in T-L k up to a scalar multiple, which implies H k 
is irreducible by (1). 

(3) A° k = U\ © rjAl_ 2 when k < (n - rr\ + 1) or k > 2(n - rr\ + 1). 

Since ^ 77*4°_ 2 , we get fl ?7^4.°_ 2 = 0. Now we still have to show that A k = 
n° k + 7]A° k _ 2 . Note that A° k is a finite-dimensional osp(2n\, 2n)o-module in this case. It is 
sufficient to check 

x k - 2l ~ t e l ■ ■ ■ d t r, l - p rf e eU° k + nA° k _ 2 for all < t < n; p < I G N. (2.33) 

Observe 

n—t—p 

xt^Oi ■ ■ ■ Otvl-% = V E ^M' 2l ~% ■ ■ ■ OtV l - p - l -Vo +l (2-34) 

i=0 

if I > n — t. When / < n — t, we have 



s=0 



xt 2l -%---9 tV l -% = V (Y,(-l) i 4- 2l -%---8tV l x - p - i - 1 V , 9 +i ) 



i=0 



+ ^ 1 y-p x k-2i-t 0i ... dt7] i~s r] s (2 _ 36) 



for s > p and 



p—s — l 



i=0 



+(-l)J^- a ^- 2l - t 0a • ■ ■ etrf-% (2.37) 



for s < p. Thus 



K ^s\(l-s)\(k-l-t + n-s-l)V 1 w 



= E ,rz #Ar Tv ^"""^ ' ' • 9 ^ 

~J s!(i — s)!(A; — t — t + n — s — 1)! 

p— 1 p— s— 1 

+^(E E (-ir^^i-^'W" 1 

s=0 i=0 

+ J] E^ 1 )^"^" 2 ' - ^ 1 ""^"^ -1 ^)' ( 2 - 38 ) 

s=p+l j=Q 

which implies f !2.33|) holds. 

(4) H° ias only one nonzero proper submodule V k ~^ n ~ mi+1 ^2(nm l +i)-k wnen ( n ~ 
rr\ + 1) < k < 2{n -rr\ + l). 



According to (2.28), we have 



Hl= U(os P (2rr k ,2n) (fi,t). (2.39) 



0<t<n, 

0</<min{n-t i(k-t)} 



Since 



f _ 1 k-n+'tn. -1 „2(n-m 1 +l)-fc / 9 ,< n \ 

W),o- (k . fl ^_ 1) ,1 *i ^ (2.40) 
and ^2(n-r^+i)-& = (xj (n_mi+1) " fc ), we have 

^ +1) ^ + iH = v ^-^( x f n -^- k ) c 7& (2.41) 

Note 

l-k+in-rr^+l) fc+n— rr^ +1— i j 

A( V [n-i).-q x % x ,~ 21 ) = f2 42) 

1 ^ _ A; + n - + 1 - i)!(n - Z - i)! 1 j ' 1 J 

which implies 



7/ 



i-fc+(rt-m i +l) 2-fc+n-rr^ + l-i j 

fe-^-T^+i)/ \ n ~ ^• 7 fc Ve T k-2i\ 

^ i\(l-k + n-m 1 + l-i)\(n-l-i)\ 1 ' 



i=0 



g ^^-("-^+1)^2^+1)-^ c n o (2 _ 43) 

for I > k — (n — rr\ + 1). Observe 



/-fc+(ra-rn 1 +l) l-k+n-m L f 



8=0 



(2.44) 

Thus we get 



r/ 



i=0 



for some q G C by ffl~T4|) . Hence / I>0 G ^ fc ~ (n ~^ +1) %2\n-m. Consequently, / M G 
^ fc_(n_mi+1) ^2(r l -^+i)-fe b y (H3) for all / > k - (n - m, + 1). 

Suppose that W is a nonzero submodule of If there exists fi )t G for some 
/ < fc _ ( n - 774 + 1), then / 0(J+t 6 If by (IZHDjl . which implies G W by fl2T2T)D : 
otherwise W C r? fc " (n " m i +1) 'H^ (n _^ +1) _ fc , which means W = V k ' {n ' r " 1+1) 'H2{n-m 1 +i)-k 
since ^ fc_( ' n_mi+1 ^2(n-m 1 +i)-fc * s an irreducible osp(2n\, 2n)- submodule. □ 

Remark. In the appendix of [29], Zhang presented the structure of a canonical 
supersymmetric polynomial representation for osp(m\2n) when m — 2n > 1. Our above 
theorem give a complete answer to the structure of the representation. 



Case 2. r = n\. 



In this case, 

"\ n n\ n 

i=l jr' = l 1=1 jr' = l 

Furthermore, "H^ 1 = when k > n. 

By similar arguments as those in Case 1, we can obtain that "H^ 1 is irreducible and 
jQ = V^} © 11^-2 when k<n. Set 

-Wn+j) 1 ** II (^+p- VA+s)*™ (2.47) 



where 



fc = (fci,--- , k^k^, h t3 , ■■ ■ ,k ltnh ,k 2 ,3- ■ ■ ,k mi - ltms ) e N 2 , (2.48) 

I = (h, ■ ■ ■ Jn] h,2, ■ ■ ■ , h,n, h,3, ■ ■ ■ , h,n, • • • , ln-l,n) £ {0, 1} 2 , (2.49) 

s = • • • , Sl , n , ■•■,s mi , n )e {0, l}^ n . (2.50) 



Denote 
7 



{(k, I, s)\l t + L+t + ^2 li * + lt 'i + S P>* < 1 for ^ e 1, ra; 

l<i<i t<j<n p=l 

kijk t = for % < j < t] kijki'j' = for i > i! and j < f; 



kthj — for t e 1, rr\, 1 < i < j < n; k t s P:g = for t < p\ 
h,jS P; q = for i < j < p; s p , q s p >, q , = for p > p' and q < q'; 



kj = if l t = l n +t = ^2 s P< t = + lt <i' = for some i<t< 3'i 

p=l i'<t j'>t 

h,jh',j' = if % < i' < j < j'; h,jS Ptq = if % < j < q}. (2.51) 



Theorem 2.3 If k < n, the subspace % k is an irreducible highest weight submodule. 
The highest weight is — 2A mi +z/ fc (resp. kX^-i — (k + 2)X mi ) if k > (resp. k < 0) and a 
corresponding highest weight vector is 9 1 ■ ■ ■ 9 k (resp. ). Moreover, = ®r]A k ^_ 2 
and 

- - - - n _ _ ™i 

{h(k, /, s) | (k, I, s) G /; E (h + L+t) + 2 E kj + E ^ ~Ekt = k;} 

t=l l<i<i<" l<P<rr\,l<q<n t=l 

(2.52) 

forms a basis for "H^ 1 . 



Proof. Denote by V the subspace spanned by (12.521) . It is easy to check -}Q D V. For 
the reverse inclusion, we prove it by induct on n. Take any ^ f G "H^ 1 . We write 

f = fo + flOn + f202n + /aMsn (2-53) 

where 



ft e C[x 1 , ■■■ , x 2mi ; Oi, • • ■ , n -i, d n +i • - • , 0an-i]- (2-54) 

Let 

«\ n-l 

A' = -J2 Xi d XmL+i + Y^d d] de n+J . (2.55) 

i=l j=l 

Since 

A(/) = = A'(/o) + A'(fi)0 n + A'(f 2 )6 n + A\h)6 n e 2n - f 3 , (2.56) 

we get 

A'(/ ) - h = A'(/i) = A'(/a) = A' {f a ) = 0. (2.57) 

Thus by inductive assumption, we obtain f%9 n , f 2 9 2n £ V". We may assume / 3 = h(k, I, s) 
with (k, l,s) G / and 

n "\ 

^(/ t + / n+t ) + 2 £ Z M - + ^ *p,5-X]^ = ^-2, (2.58) 

i=l l<«<i<« l<P<n\,l<9<n *=1 

^2n ^l,ra ' ^n—l,n ^l,n ' ^m^ ,n 0- (2.59) 



Suppose that there exists some t G l,n\ such that k t > 0. Let 

t = min{t | kt > 0}, f' Q = -x^x^+tj^. (2.60) 

We have 

AU) = U (2-61) 

and 

= A(/ + he n 6 2n ) = A'(/o - /o) + (A'(/o) - fs)- (2-62) 
So /o — /o G V by inductive assumption and 

/0 + /sMan = A'(/o) " h = "^/sO^+to " ^ M 2 n) G V. (2.63) 

Thus / G V. 



Now we assume k t = for all t G 1, w\. Then there must exist j£l,n-l such that 

= = y kj = Y 1 m = Y ^ = ( 2 - 64 ) 

l<i<j j<t<n p=l 

because 

n-l "\ 

^ (Z t + l n+t + Y kt + Y kj + Y s Pt) =k-2<n-l. (2.65) 

t=l l<i<t t<j<n p=l 



Set 

j = max{j | lj = l n+j = ^ kj = Y l i,t = Y s P<i = °} 

L<i<j j<t<n p=l 

and f» = -f 3 9 30 9 n+J0 . We have A'(#) = f 3 and 

= A(/ + he n 6 2n ) = A'(/ - /£) + A'Ctf) - / 3 - (2.67) 

So 

/o - fo e ^> /o + f^ n 9 2n = -f^{9 jo 6 n+ j - 9 n 9 2n ) e V, (2.68) 

which implies / G V. 

Next we check the linear independence of (I2.52p . Again induct on n. Suppose 

%t,Mk, t s) = 0. (2.69) 

n m l 

J2 (h + ln + t)+2 J2 J2 s P,q-J2 k t = k 

t — 1 l<i<j<n lKpKrn^ ,l<q<n t — 1 



We write 



h(k, I, s) = h'(k, I, s)(6i6 n+i - e n 6 2n ) if U,n = 1, (2.70) 
h(k, l,s) = h"(k, I, ^(x^+p - x p n 9 2n ) if s p>n = 1. (2.71) 

Thus (12.691) becomes 

Y a Us h $Xs)+ Yl a k,T > s h $Xs)+ Y a kX,M^X,s) 

(k,l,s)el;ln=l (k,t,s)el ;hn = l (fc,r,?)e/ ; 

In — ^2n = y ] I i , n = Yl $p,n = 

n—1 

+ Y Y a kls h 'X, I, s) (9i9 n+i - 9 n 9 2n ) 

+ Y Y HX^'fo g )( x "\+ P - x p e n 9 2n ) = 0. (2.72) 
p= 1 (U,r,s)el;s p>n =i 

We get 

a^ rs = if l n = l 2n = ^2 h,n = Y s P' n = or ln = 1 or ^ 2n = X ' ( 2 ' 73 ) 

and 

n-l ^ 

Y Y a kX,sh'(kXs) + Y Y % r ^ p h"(kXs) = 0. (2.74) 
i=1 (ie&3)el;h,n=i p=1 (kX,s)eI;8 p , n =l 



Since h'(k, I, s) and x p h"(k, I, s) are linearly independent by inductive assumption, we get 
or 

Case 3. < r < rr\ 



a k ts = for kn = 1 or s Pi „ = 1. □ 



This case is a little more complicated. To study the structure of the submodules A r k 
and T-L k , we first introduce some subalgebras of osp(2n\,2n). Set 

r+lKijKrr^ r+Kkj<^ (2.75) 

and 

L[ = J2 ^(Eij — E mi+ ^ mi+i ) + J2 (^(Ei^+j — E j;mi+i ) 

r+l<i,j<m L -l r+l<i<j<m L -l (2.76) 

+ < C(E mi +j,i - E^+ij)). 

Denote L± = osp(2m 1 ,2n) + f] L x and L'\ = osp(2n\,2n) + fl L[. We treat L[ = when 
r — n\ — 1. Let 

r 

L2 = ^ (C(Eij — E^+j^+i) + C(E i>rni+ j — Ej ;mi+i ) 

n 

+C(E mi+ ij — E rr , i+ j t i)^ + (C(-E , 2m 1 +p,2m 1 +g — E2m 1 +n+q,2m 1 +n+p) 

p,q=l 

+ C(E2m 1 +p,2m 1 +n+q + E2m 1 +q,2m 1 +n+p) + ^(i^mj +rt+p,2m 1 +g + -^2^ +n+ij,2m 1 +p)) 

+ (^(-Ej^n^+p ~~ ^n^+n+p.r^+i) + ^(-Ej^^+n+p + £27^ +p,m 1 +i) 

iGl,r;p£l,n 

+C(£^ j) + C(i? mi+ j i 2m 1 +nH-p + E2m 1 +p,i) (2.77) 

and 

L+ = L 2 n osp(2n\, 2n)+ + ^ (C^-E^+^+n+p + E 2mL+P: i) 

l<i<m,l<p<n 

+ ^r^+p.rr^+i)) • (2.78) 

We have the following result: 

Theorem 2.4 When < r < n\ and k <n — n\+r + l, the submodule W k is irreducible 
and A r k = W k @ If k > n — n\ + r + 1, we have the following composition series 

yr D ^-+-1— ^: fe+2(n _^ +r+1) d {0} ifrKm,- 1; (2.79) 
D (<) D V^nXln 3 {0}. (2.80) 



The subspace W k (k e "L) has a basis 



{ E 



=1 \ n 



=r+l \ / \ rj 



n 



h ) V h 



Jl,-,J„6{0,1} 



E r * + E / i 



i=i j=i 



n \ 



m, —1 



+ E r * + E ^ 
i=i i=i 

"2^ 



\ 



E u + E i, 

i=l j=l 



i=l 



i=l 



77^ 

xn^' +r '^" n ^- ri C^" ri n(-i) A, < J " ,J eS; j "^,., 

i=r+l 



'"i- 1 n 



i=l 2 = 1 



"\ - 1 n 

+ n+J2 h 2n r 2ri \ 

XX 2 m 1 ' | CKj G N, f3j G {0, 1}; E ft — E "» + E «i = ^5"^ "2m, = 0}. 

j=l i=l i=r+l 



Proof. (1) The subspace T-C^ 1 1 is generated by 



(2.81) 



f _ V" : 



i\(i+ P )\ 



-i\(i-i)\(i+ P -i) 



_ ■\\ X rr\ ( X n\ x 2m 1 ) X m 1 -l X 2m 1 -l@l ' ' ' @n 



and 



(2.82) 



9i,p,s 



U(l+p)\ 



i\{l-i)\{l+p-i)\ X2 ^ {X ^ 



i=0 



[ x 2m 1 Y * x tn. l -l x 2m. -1@1 ' ' ' @r, 



as an (L± + L^-submodule with l,p, s G N, p + 21 — s — k and I < s. 
Using Lemma 2.1, we obtain that the subspace "H^ 1 1 is spanned by 

oo „ „ rrjj — 1 n 

£(- / / K^Sr (- E + E^AJ^), 

i=0 j K) >/ ( 2m l) 3=1 3=1 

where 



(2.83) 



(2.84) 



"^"2^=0, s- G C[xi, • • • ,x mL _ 1 ,x nh+1 , ■ ■ ■ ,x 2mi -i;9i, ■ ■ ■ ,0 2n \ (2.85) 



and 



J(t) 



XtX 

a t + l 



for t — rr\ , 2rr\ . 



(2.86) 



According to Theorem 2.3, we can write g = E« ^( x m, -i x 2m, -1^1 ' ' ' ^n), where X/, G 



[/ (L 2 ), 2/ — s + a mi + a 2mi + n = k. Thus "H^ 1 1 is spanned by 
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i=0 



pl 

{iTp)v 



and 



i=0 



i!(Z-i)!(p + Z- i)! 



(Z+p)!- 



where 21 + p + n — s = k. Consequently, l-C^ 1 is generated by (I2.82p and f |2.83|) as an 
L 2 -submodule. 

(2) As an (L\ + L 2 )-submodule, 7-L r k (r < rr\ — 1) is generated by 
h, V njl + p + rr^-r-iy. (ST X . X ^.)" x -* x * ft, ...ft (2 89) 

hP) s 2s %\{\ ~\~ p ~\~ T 1) ! 3 n\+3 J x r x m 1 +r (7 l °n 

for 21 + p + n — s = k and I < s. 

Again by Lemma 2.1, we obtain that T-L r k (r < rr\ — 1) is spanned by 



i=0 J(m 1 )J{2m 1 ) j=r+l 

*u' l - t x s - t x t mi+r 6 l ---e n ) 1 (2.90) 

where 

rr^ — 1 

v! = ^ XjX^+j, ^€{0,^}, a r+ i G {0,p}, 2l+p + q-s + n = k (2.91) 

j=r+l 

and Xi )P)S>t G ^(^ + L 2 ). So H£ is generated by 

' f f q-a 

i=0 J (m 1 )J(2rn 1 ) j=r+l 

{ x r+l X m L +r+l u x r x m 1 +r@l ' ' ' ®n) (2.92) 

as an (L[ + L 2 )-submodule. Denote by Xp, q , S)ar+1 , ami the weight of g P) q )S ,t, ar+1 , ami ■ Note 

L i {.9p,q,s,t,a r+1 ,a mi ) = ^2 {.9p,q,8,t,a r +-L,ctm L ) = 0- (2.93) 

Hence 

ni = J2 U(L' X + L 2 )( 5pj9)S) , jQr+1>ami ) (2.94) 

and 

(K r k)\ P , m+1 , ami n Span{#0i • • • n | # G C[x r+ i,^ +r . + i,ii',^,x 2 ^]} 
= Span{^,g jSitiar+1)ami | < i < min{s,/}}. 



Note 



dim Span {gi, p , s>t ,a r+1 , anh | < t < mm{s, I}} = j * ^ (2.96) 



On the other hand 



* X ^ +t)[ f^3Kd-j)Kd + p + m L -r-2-j)\( q + j)\ Xr+1 X ^ +r+1 
xx^xl^u' d ^( Xrni x 2mi y) = 0, (2.97) 



which means 



So we get 

i-d 



( ^ a r+ i j-0,+1 

) oj \(d-j)\(d + p + m i -r-2-j)\(q + j)\ r+1 

xx^xl^u'^ix^x^y E UiL^r 2 ")- (2.98) 



UH + d + p + rr^-r-iy. ,A (-1) J 



Er.yi t u t p T nii — i—i): , sr~\ 

7U~l _ A _ n\\(l _l TZ Z 7 ~ _ r _Y\\\2-^ 



- d - + <i + p + m 1 -r-l)! v ^ ^(d - + j)\(p + d + n\-r-2-j)\ 

i — j — 

G C/(Li)(/i ; _ di p +?+2c i, s ) n Span {^ )P , i> t,a r+1 ,a mi I < t < min{s,/}}, (2.99) 

where < d < min{/, s}. Thus 

mm{l,s} 

dim( -d, P +q+2d,s) l~l Span {g^p^t.ov+i.a^ | < t < min{s,/}} 

Z + 1 1 if '" a ' (2.100) 
s + 1 if / > s. y ' 

Therefore, we have 
min{z,s} 

-d,p+q+2d,s ) n Span {gi tPtS ,t, ar+1 , ami | < t < min{s, I}} 

d=0 

= Span {ft, p , s ,t, ar+1 , a ^ | < i < min{s, I}}, (2.101) 
which implies 

min{2,s} 

9i, P , s ,t, ar+1 ,a rni e © U(Li)(hi_ dtP+q+2d ,s)- (2.102) 

Hence we are done. 



(3) We claim that 



(x; k ) if k<o, 

H r k ={ if k > 0,r < rr\ - 1, (2.103) 

(^) + (^) »/ k > 0,r = 7^ - 1. 



When r = tt^ — 1, we have 

U(l+p)\ 



fi, P ,s — ^2 _ 2)i(7 +p _ iy x ™i ( Xm i X2m iy ^V-l^r^-l^l ' ' 

= (^-i,^ - i^-O'OCi-i^i •••*») (2.104) 



and 



9l,p,s - ^ HQ _ +p _ i y X 2m 1 ( X m 1 X2^y ^ -l^r^ - A ' ' ' ®n 



8=0 



E nh ^ 1 ) l (x s mi l _ 1 x p 2 ^e 1 ---e n ). (2.105) 



It is straightforward to check 



^^-l^mj ^1 ' ' ' X m 1 -l a '2m 1 ^l ' ' ' G I ^-1 ^ if A; < (2.106) 

Now we assume r < J7\ — 1. Then /io, P , P +n-fc G (^+1) ( or ( x r k ))- Note 



'"i 



)(/ii-l, s _l, p+ l) 

i=r+2 

+ (77^ — f) (-E^ +r,r+l ~~ +r+l,r) (^Z-l,p+l,s-l) • 

(2.107) 

So hi tP>s G (a^+i) (or (x~ k )) by inductive assumption. Therefore, (I2.103P holds. 

(3) When k < n — n\+r + 1, the submodule H r k is irreducible and A r k = W k © 

We may assume r < rr\ — 1 and > 0. The proof for r = rr\ — 1 or &; < is similar. For 
any submodule W C there should be some weight vector g G W such that Lf(g) = 

and L 2 (g) = 0. Thus g = CLiX p r+l u l ~ l x s r ~ l x l +r 0i • • • 9 n for some Oj G C. Since 



2=0 

= A(^) = -^a i ia^ +1 u l_i ^~ <+1 <+r^--^n 

8=1 

+ x p r+1 u l ~ l x s - l x\ + A ■••0 n (2.108) 

8=0 

we get 

a i+ i(i + 1) = a<(Z - i)(p + Z + - r - i - 1). (2.109) 
Thus g is a scalar multiple of 



-V l\(l +p + mi -r-l)\ u l~i x s-i x i n...g ( 2 U0 ) 



8=0 

If Z > 0, we have 

(E r>mi+r+ i - £V +li7nL+7 .)(/i /iPiS ) = -l(l+p + n\ -r - 1 - s)/V 1;P+M _i, (2.111) 

and 

Z + rr\ — r — 1+p — s — k — n — l+n\— r — 1 < — Z<0, (2.112) 
which implies fy_i iP+liS _i, ■ ■ • , /i ,p+z, s -z G W 7 . It is easy to see x^+i G (h 0;P+ i iS -i) . Hence 



By the similar arguments as those in (3) of the proof of Theorem 2.2, we obtain 
A\ = W k ® V A r k _ 2 . 

(4) Hi2.79j) and Ii2.80\) are composition series. 

According to (2), 

oo 

1Q~~ I = (U(L 2 )f^ s ®U(L 2 )g^ s ) (2.113) 

l,p,s=0,p+2l— s=k,l<s 

and 

oo 

n r k = U(Li+L 2 )h ljP}S . (2.114) 

l,p,s=0,p+2l— s=k,l<s 

Again by the similar arguments as those in (4) of the proof of Theorem 2.2, we can get 
the composition series. □ 

3 Proof of Theorem 2 

In this section, we discuss the osp(2rr\ , 2n)-module A' k defined in (j!.14p and f ll . 15j) . The 
following facts will be used. 

Proposition 3.1 lfn = 0, then the subspace A' k (k 7^ n\) is an irreducible so(2rr\,C)- 
submodule and ^ = (9 1 ■ ■ ■ 9^ ) © (9 1 ■ ■ ■ Q rn ^ -i9 2rr ^ ) ■ 

Ifrr\ = 0, then the subspace A' k is an irreducible sp(2n, C)-submodule when SiUTi ^ 
or k 7^ 0. When Si U T\ = ; we can assume T — l,n by symmetry. In this case, 
A' Q = (1) © (x n _ix 2 „ - x n x 2n -i)- (cf. JMj) 

Now let us deal with the general case with n\ > and n > 0. 
In fact, if Si ^ 0, we can take a j G Si and ^ f G A' k . Since 

E2m 1 +j ,2*7^ +n+j I A' — x jo ®x n +j ) (3 • 1 ) 

we can assume d Xn+Jo (/) = 0. Applying 

(Err^+i^rr^+n+jo + E^+fai) U' = 9rn l +id Xn+J0 + Xj &e i (3.2) 

and 

(Ei^+n+jo + E 2 m L +jo,m L +i) U'= ®idx n+jo + x jo^0 mi +i (3-3) 



(i G l,n\), we get a nonzero element /' = f'(xi, ■ ■ ■ , a? n +j ) • " j ^n) G (/)• Since 

Span {x a I x a G ^} (3.4) 
is an irreducible sp(2n, C)-submodule according to Proposition 3.1, we obtain 



Span {x a I x a G A' k } C (/). 



(3.5) 



Observe 

(Ei^rr^+jo — E2m L +n+jo,m L +i)\A' = ~ ^n+jo^e^+i (3.6) 

and 

(Err^+i^+jo — E2m L +n+j ,i)\A' = ^rr^+idx^ ~ Xn+jde,- (3.7) 



Thus by induction on t, we can obtain x a 9 il ■ ■ -9 it E (f) for all i±, • • • ,i t E l,2n\ and 

aii — Yl a j = k ~ t- So (/) = A' k , which implies that A' k is irreducible. It can be 

/c r jer 

similarly proved when Ti ^ 0. 

Theorem 3.2 1) The submodule A' k is irreducible when S\ U Ti ^ 0. In particular, A' k 

is not highest weight type if Si ^ and Ti 7^ 0. 

,2) If S\ = and Ti = 0, we may assume T — l,n by symmetry. 

a) The submodule A' k is irreducible and of highest weight type when k ^ n\. A highest 
weight vector is k 6i • • • 9 m (resp. x 2 ~ mi 9i • • • 9 m ) if k > m 1 (resp. k < mi). 

b) The submodule A' n ^ = (9 1 ■ ■ -9^) © ((x n _ 1 x 2n — x n x 2n -i)9i • • -9„ h ) is a sum of two 
irreducible submodules. 



Proof. Assume T = l,n. 

a) We claim that A' k = (x^ k 9i • • - 9^) when k < n\. 
In fact, we have 

x l n k 9i ■ ■ ■ 9i = — J [ (— 1)* 1 {E mi+t 2m l +2n + E 2mi+n j){xn L 9 ± • ■ • 9^) (3.8) 

[n\ K). t=i+i 



for / E 1,77V Thus we get 
Span {x a 9 il ■■■9 il , %\ E 1,2m; / + ^ on - ^ a { = k} C (x% 1 ~ k 9i •■■9 rrh ) (3.9) 

idf i&T 

for k < I < rr\ and 9 ix ■ • ■ 9 ik E (x^ k 9 1 • ••6 rth ) by applying 50(277^, , C) and sp(2n, C) to 
x l ~ k 9i ■■■9 l (We treat 9 X ■ ■ ■ 9 k = if k < 0). Since 

vriy —k , 



(-^2m 1 ,2m 1 +2n + E2m i +n,m 1 )(~E2m i +2n,2m 1 +n)( x n 9i ■ ■ ■ 9 n ^ ) 

= x7~ k+1 9 2rrh 9i ■■■9 mi +(-l)^- 1 (m L -k + l)x7~ k x 2 Ji ■ ■ ■ 9^ 
we get Xn" k+1 9i • • • 9^ # 2mi £ (^n 1 • • • 0^ ) • Now we have 



Xn" 9i ■ ■ • 9 mi _i92m 1 

( — 1 ) ^ rriy -\-l—k 

= —Z T{E2rn 1 ,2m l +2n + E2m l +n,rn 1 ){ x n 9 1 ■ ■ ■ 9 n ^ 9 2mi ) • (3-H) 

777^ I K 

Applying 

(Err^ +t,2vr\ +n ~ E 2mi +2n,t) \A' = ~ x n9 r ri l +t ~ x 2n9e t (3-12) 



and taking induction on I, we obtain 

Span {x a 8 h ■■ - 9 k | i x , ■ ■ ■ , i\ G 1,2m; Z + ^ on - ^ aj = k} C (xn L ~ k 9 x ■ ■■9 rrh ) (3.13) 

ief ier 

for I >n\. Since 

(x n - X X 2n — X n X2n-l)d\ ' ' ' &k 
= ( — l) k (En^+k+l^rr^+n-l — E 2rrii +2n-l,fc+l) (x n 9 X " " " #fc+l) 

— ( — l) fc (-E'm 1 +*+l,2m 1 +n ~ E 2m ^+ 2n ^+ x ){x n -\9 x ' " ' #fc+l); (3-14) 

we get 

Span {x ^ • • • 0$, | «i, • • • ,i( G 1, 2m; Z + a, — = /c} C (x^ 1 k Q\ - ■ ■ 9^) (3.15) 

for Z = k. Now by induction on k — I for Z < k and (13.1 2p . we attain 

Span {x a 9 il ■ • ■ 9^ \ i x , ■ ■ ■ , %i 6 1, 2m; Z + cnj — a, = k} C (av 1 k 9 x - ■ ■ 0^) (3.16) 

for < Z < fc. Hence A' k = (x% 1 ~ k 9 x ■■■9 lll] ). 

Note that all the weight vectors annihilated by osp(2n\, 2u)q are scalar multiples of 
x^~ k 9 1 ■ ■ ■ 9 rni _ l 9 2 m 1 , x i ~ k 9 1 ■ ■ - 9i (k < i < n\), x\~ l 9 x ■ ■ ■ 0, (0 < Z < k) and (x n _ix 2 n - 
x„x 2 n-i)6'i •••9k. Since 

fc 

II (^,2^+2n + E 2mi+n , nh+t ){x k 2 - l 9 1 ■■■0 l ) = (-lf k - l \k - l)\9 x ...0 k , (3.17) 



t=i+i 



(E^ ^my +2n + E 2mi +n,2m L ) (^n* 01 • • ■ 0^ -102^ ) 

= (-lr^K - k)x7~ k ~X ■ ■ ■ 0^_i, (3.18) 

l,2m 1 +2n-l + ^Wr^ +n-l,m L +k+l) [{%n-l x 2n — X n X 2n -\)Q X ■ • ■ 9 k ) 

(-l) fe+1 x^i---^+i (3.19) 



and 



m, 

j [ ( — l) J (-Ey,2m l +n — -^2m 1 +2n,m L +j)(^~ fc ^l * * - #i) = X^ 9% ■ ■ • 0^ , (3.20) 

j =i+l 

we get that up to a scalar multiple, A' k has only one highest weight vector x^ k 9 x ■ ■ ■ 0™ 
and thus it is irreducible. 

It can be similarly proved that A' k = (x 2n 9\ ■ ■ ■ 0^ ) is irreducible when k > n\. 

b) Assume k = n\. We claim that for any nonzero submodule V of A'^ , we have 

9f-9 rrh EV or (x n _ix 2 „, - x n x 2n -i)9i ■■■9 mi £ V. (3.21) 



In fact, there should be at least one weight vector / G V such that osp(2n\, 2n)o (/) = 
0. Thus we can assume that / is of the form 

\X n —\X 2n X n X 2n — 1 ) 9 1 • ■ ■ Qn^-iQ^Q-i^ (3.22) 

with /, l„ h , l 2mi G {0, 1} such that l^km, = or 

axn 1 % 0i ■ ■ ■ 9 nii 9 rrii ■ ■ ■ 9 2 „ h + bx2 l 1 ---9 i (3.23) 

with < i < rr\ and a, b G C. 

i) If 

/ = axn" 9\ ■ ■ ■ 9 mi 9 mL+ i +1 ■ ■ ■ 9 2rrh + bx^ 9±---9i, (3.24) 

then 

rr^ — 1 

h = n & 

,2m 1 +2n + E2m L +n,m L +j)(f) 

j=i+l 

= a'x n 9 l ■■■9 nh 9 2mi + b'x 2n 9 x -^G (/) . (3.25) 

If a'^lf, then 

(^,2^+2n + ^+n,2^)(/l) = (-l)^' - W ' ' ' ^ ^ V. (3.26) 

Otherwise, a' = b' and 

(-E^ , 2rr\ +2n-l + ^27^ +n-l,2m 1 )(/l) = ( — l)™ 1 a ( x n~l x 2n ~ X n X 2n _\ )9\ • • • 9 n1 ^ G V. (3.27) 

ii) If / = 9 1 ---9 nh _ 1 9 2mi , then 

{Em lj2 m 1 +2n-l + ^2^ +n-l,2m l ) (■E'm l ,2^ +n — E 2m ^ +2nj2n ^) (f) 

,2m 1 +2n-l + +ti-l,2m, ) (^n^l ' ' ' $2^ + ^2n^l ' ' ' Qfi\ -l) 

= (^n-l^n - ^n^n-O^l ' ' ' 9^ G V. (3.28) 

iii) When / = {x n _ x x 2n - x n x 2n _ 1 )9 1 ■ ■ ■ 9 nii _ 1 9 2mi , we have 

(E mi ,2m 1 +2n + E 2m ^ + T j ) 2m l ) (E^ t2rn± +2n-l + -^2^ +71-1,2^ ) (/) 
— ( — 1)^ (£'^ ) 2 mi +2n + £ , 2m L +n,2m 1 )(2 ; n^l - - - ^^2^ — ^2n^l ' ' * ^ -l) 

= -201 ■■■9 mi eV. (3.29) 
Using Lemma 3.1, we get 

X°9 1 ••■9 rrll G (9i-'-0m L ) + (( x n-lX 2n - X n X2n-i)0i ■ • • 6^ ) (3.30) 

for a G N 2n such that a i = S Q^+i- Now it is straightforward to check 

i=l i=l 

> + <(* n— 

ix 2n — x n x 2n -i)9 1 ■ ■ ■ 9 n ,). (3.31) 



□ 

We can get basis for (6\- ■ ■ 6L ) and {{x n -\x 2n — x n X2 n -i)0i • • • dm. ) by the following 



way. Set 



and 



A = -J2 Xid ^ +i +J2 de A 



n\ +j 



1=1 



3=1 



i=l j=l 

Let L be the subalgebra of osp(2n\, 2n) consisting of the matrices of the form 

(A H 1 \ 

—A T J 

Hj D 

\-J T —D T J 



(3.32) 



(3.33) 



(3.34) 



It is straightforward to check 



Set 



gA = Ag, grj = rjg for g G L. 



1n\ n 

A a ,t = Span {x a H 6 l l | a G N 2n ; I, G {0, 1}; - ^ a, = s, 

j=i j=i i=i 

"h n 

l 3 + an+i = *} 
j=i i=i 



(3.35) 



for s G Z, t G N and 



We have 



H s , t = {/ G A, | A(/) = 0}. 

t 



1=0 



Thus 



i=0 «=0 <?=0 t,qr=0 

By similar arguments as those in 1) of the proof of Theorem 2.2, we get 



T-L r . 



U (L) (x^9i • ■ ■ OgOjj^ +q+ i ■ ■ ■ ) 



if q <n\, 



Since 



™i- 2t -™ \U(L)(x^(x n _ 1 x 2n -x n x 2n _ 1 )i-^e 1 ---9 mi ) if q>rr k . 



(20! 



(3.36) 

(3.37) 
(3.38) 

(3.39) 
(3.40) 



0\ - ■ ■ OgOn^+q+i ■ • • 9 2mi ) — j x n x 2n 9\ ■ ■ ■ 9 q 9 mi+q+ i ■ ■ • 6 2mi 

(2t)\ 



—Eo 



J 2n,n j 



h • " • QqQrr^ +q+l ' ' ' ) 



) 



if n\ — q is even,. 



h ••• 0^-162^) = {{x n _ix 2n - x n x 2n -i)0i ■ ■ ■ 9^) if n\ - q is odd V °' 



when q < rr\ and 



?7 (X n (s„_iX2 n - X n X 2n -l) 9 "' 1 #1 ' ' ' 9^ ) 
-y— '~X n X2 n {%n—l%2n %n%2n— l) 9 @X * * ' 

U(sp(2n, C))(l)0i • • • 0™ if — g is even, 

U(sp(2n,C))(x n - 1 x 2n - x n x 2n -i)di- ■ -drr^ if "A - q is odd 



(3.42) 



when q > rr\ (cf. [20]), we get 

_ 2 _ c / (°i ■ ■ ■ ^ ) if 77^ q is even, 43 

2t q ' q \ {{x n -ix 2n - x n x 2n -i)0i ■ ■ • Omy) if rr^-gisodd. 

Therefore, 

{di---0 rrh )= 7^ (3-44) 

q£N; mj —5 is even 

and 

((X n -l»2n - X n X 2n -l)0l •■■9m L ) = (J) rfU^^t-q^q- (3-45) 

q€N; rrij — g is odd 

Like in Theorem 2.3, we denote 

h(k,r,s) = n ^n +3 -x 3 x n+l t->\[o)6 i ^ n 

t=l X<i<j<n j=l l<i<j'<m 1 

(),(>,„, .,)'••• J | (x„ +p - x p e q e mi+q Y""' (3.46) 



where 



Set 



X<p<.n,l<q<m 1 



k = (ki, ■■■ ,k n ; fci, 2 , fci,3, ■ ■ • , fcl,n, ^2,3 • ■ ■ , fcn-l,n) e , (3.47) 

^ — (^1? " " " j ^ j ^1,2) ' ' ' > h,^ ? ^2,3? " " " i h.rr^ > ' ' * ? ^-1,^ ) ^ {0, 1} 2 , (3.48) 

8 = • • • , s ljTni , • • • , s n ,^ ) G {0, IP". (3.49) 



J = {(k,l,s) \l t + ln h +t+ 22 h,t+ ^ + 7, s P)t < 1 for t e l,n\] 

l<i<t t<j<n\ p=l 

ki,jk t = for z < j < rj; k^jki'ji = for i > and j < j'; 



Mij = for t; G 1, n, 1 < i < j < n\; k t s p ^ q = for t < p; 
^i,j s P,q — for i < j < p; Sp jq Spi s i = for p > p' and q < q'; 

n 

lij = if l t = Zyn, + t = ^ s P)t = ii', t + Ztj/ = for some i <t<j; 

p=l i'<t j'>t 

k,jh'j> = if i <i' < j < j'; hjs p<q = if i < j < g}. (3.50) 



Then the subspace r H. mx -it-q,q has a basis 

& + ki + J2Y2 s P>i + Yl K 3 = q\{kXs)eI}. (3.51) 

j=l ^<i<j<n\ p=l J=l l<i<j'<n 

Note 

{/ G A,t I !?(/) = 0} = (3.52) 
when s + t < rr\. Hence we have: 

Theorem 3.3 The set 

U V*B^ (3.53) 

ijgSNjrrij — q is even 

forms a basis for (9± ■ ■ ■ 9^ ) and the set 

U ^ ( 3 - 54 ) 

tjgSNimj — g is odd 

forms a basis for ((x n -ix 2n - x n x 2n -i)9 1 •■•9 rrh ). 

4 Proof of Theorem 3 

Recall the Lie superalgebra 

osp(2n\ + 1, 2n) = osp(2n\ + 1, 2n) © osp(2n\ + l,2n) 1 (4.1) 

where 

osp(2rr\ + 1, 2n) = (C(S i)j - E^+^+i) + C(£ iimi+i - E j:TJh+i ) 

77^ 

+C(£' mi+ jj — -E^+^j)) + (C(£'j ) 2 mi +l — £27^ +1,7^+1) + ( C(£' mi+ j ) 2 mi +i — ^Tj^+lji)) 

1=1 

^r^+l+p^jr^+l+Q ~~ ^Wt^ +1+71+9,277^ +l+n+p 

p,q=l 

+E2m 1 +l+q,2m l +l+n+p) + ( &(E2m l +l+n+p,2m 1 +l+q + +l+n+g,2m l +l+p)) (4-2) 

and 

osp(2n\ + 1, 2n)i = ^ (C(£j i2mi+ i +J , — +1+71+^,77^+1) 

161,77^ ;p€l,ra 

,277^ +1+7J+P + £277^+1+^+0 + C(£^ +ii2mi+1+p - £ 2 „ )l+ l +n+p ,7) 

71 

+7,277^ +1+71+P + £2^+1+^,77^+7)) + ^ (^-(^TT^ +1,277^ +l+p - £27^ +1+71+0,27^+1) 

P =l 

+ C(£ , 2777 1 +1,277^ +1 + 77+P + ^TTJj +l+p,277J 1 +1 )) ■ (^-3) 



Take 

"\ n 

H = ^2 — E^+i^+i) + ^2 < ^(E 2 m 1 +l+j,2m 1 +l+j ~ E 2 m L +l+n+j,2m l +l+n+j) (4.4) 

i=l j=l 

as a Cartan subalgebra of osp(2n\ + 1, 2n). We still denote by Ai, • • • , A,^ , ui, • • • , v n the 
fundamental weights. Let 

osp{2n\ + 1, 2n) + = ^2 ( C (^J ~ ^+^+0 + C(E it „ h+j - E j>mi+i )) 

l<i<j<m 

+ ^ C (E 2mi +1+^,2^ — -^Wt^ +1+77+9,277^ +l+7i+p) 

l<p<5<n 

+l+p,2m 1 +l+rH-g + E 2mi +l+q,2m 1 +l+n+p) 

l<p<q<n 

+ ^ (^(-^7,277^+1+9 — E 2 m L +i+n+q,m L +i) 

l<i<m,l<q<n 

,27)^+1+71+9 + ^277^+1+9,7)^+1)) 

,2/7^+1 -^277^+1,771^+1) 

1=1 

n 

+ C(-E2m 1 +1,27?^ +l+n+p + E 2mi +l+p,2f7i l +l)) (4-5) 
p=l 

and osp(2m 1 + 1, 2n)+ = osp{2rr\ + 1, 2n) CT D osp{2rr\ + 1, 2n) + for a = 0, 1. We redefine 
A and 77 by 

A x = -2^^^ + 2 £ + (4.6) 

7=1 7=7+1 

77 

A* = X>A.-w> A = A X + 2A , (4.7) 

j'=i 

1]x = 2^2 X m 1 +id Xi ~\~ 2 ^ ^ 3^7^77^ +7 + ^277^ +1 ) (4-8) 
7=1 7=7+1 

n 

^ = 5^ °j n+j, V = Vx + %Ve- (4.9) 

J'=l 

Recall the notions in (1.7) and (1.10). 

Theorem 4.1 T/ie subspace W k (0 < r < rr\) is an irreducible highest weight osp{2rr\ + 
l,2n) -module with highest weights and corresponding vectors are listed as follows: 



r 


k 


vector 


weight 


r = 


k>0 


i- 




r < n\ 


k>0 




—(A; + l)A r + /cA r+ i 


k < 


— fc 


/cA r _i — (A; + l)A r 


r = n\ 


k < 


x k 


kXrr^-l ~ {k — l)A mi 


< k < n 


8f - -Ok 


v k if k < n 
2v n if k = n 




fc— n— 1 , 

(fc-n-l-i)! 2k-2n-l-2i in n 
^ 2 i i!(2fc-2n-l-2i)! X 2m 1 +1 'le°l "Jfe-n-l 
i=0 


2v n if k = n + 1 
Vk-n-i if k> n + 1 


/c > 2n 


n fc— 2n— 1 

E E i!(fc-2n-l-j)!(2fc-2n-l-2i-2j)!!j! 
j=0 i=0 

v „fc-2n-l-i™i 2fc-2n-l-2i-2j j 
^•^m, x 2m^2r^ +1 '/6» 


(2n-k + l)X T r h -i 
+(k -2n- 2)X nh 



Moreover, A r k = W k ® rjA r k _ 2 . 



Proof. (1) Assume r = 0. 

First we can get H k = (x k ) by induction on n. If 

osp(2m l + l,2n)Ug) = 0, 



(4.10) 



then up to a scalar multiple, g must be of the form 



i=0 

with / — 21 — t > 0, I > 0, < t < n and Oj = for i > n — t. Since 



/ 



= A(^<' a "Wr-^i) 

i=0 

= 2 £ a<(/ - *)(2A: - 2Z - 2t + 2^ - 1 - 2i)x k ~ 2l - t r ] l - i ~ 1 ri% 

i=0 

i 

rM—2l—t n A—i n A—\i 



-2 J2 CLii(n -t-i+ l^r^X-y- 1 ^ • • • 9 t 

i=l 



we get that 



(4.11) 



(4.12) 



ai{l -i)(2k-2l-2t + 2m 1 -l- 2%) = a i+1 (i + l)(n - t - i) 



(4.13) 



for < i < I and I < n — t. Thus all the vectors satisfying (I4.10p should be a scalar 
multiple of 



A* - H - 



(n-t- i)\ 



i=0 



i\(l - i)\(2k -2l-2t + 2m L -l- 2i)\ 



(4.14) 



where < t < n and < I < min{n — t, |(fc — t)}. 

Take any ^ / G "H°. Then there should be some fi 0tto G (/). If lo = 0, then 

t 



3 



2^+1+1 ~ - t ^2?T! 1 +l+n+j,m 1 +l)(/o,toJ) 



(4.15) 



and so H° = (x±) C (fo,t ) C (/). Now assume Z > 0. Observe that 

(E li2mi+n+t+1 + E2rr h +l+t+l,rr h +l)(fl,t) = ("I)'" 1 (2(fl - £ - fc + Z + 1 - 77l) + l) fl-l,t+l (4.16) 

for < / < min{n — t, \{k: — £)}. Since 2(n — £ — + Z + £ — m) + 1 is odd, we obtain 
fl -l,t +l, " " " j /o e (/) by dUB]). Hence = (/ ^ 0+to ) C (/). 

(2) Suppose r < rr\. 

Taking induction on n, we obtain that the submodule T-L r k is generated by x^ +1 if k > 
or a;~ fc if < 0. 

Let l^bea nonzero submodule of T-L r k . Then W should contain some weight vector / 
annihilated by osp(2n\ + 1, 2n)g". Indeed, / should be of the form 

i 

E^^i^i---^ (4-17) 

i=Q 

or 

^a^-^'-^i---^ (4-18) 

i=Q 

because osp(2n\ + 1, 2n)o = 50(2^ + 1) © sp(2n), where < t < n and < Z < n — £. 
If 

z 

/ = ^a^-^; 1 2 ^ 1 -..^, (4.19) 

i=0 

then by the similar argument as in (1), we obtain x k r+l G (/) C W, which implies W = W k . 
Now we assume 

1 

f = Y< a ^ i x'? +t - k 4e l ---e t . (4.20) 

i=0 

Since 

1-1 



= A(/) = J^2(Z-2)(2Z-2p + 2m 1 -2r-l-2i)a i r/ir i - 1 a;%^...^ 
i 

- ^ 2i(n -t-i+ 1)^^X4-% ■■■e u (4.21) 



i=l 

we get 

a m (z + l)(n - £ - i) = a»(J - z)(2Z - 2p + 2r^ - 2r - 1 - 2z). (4.22) 
So / is a scalar multiple of 

(n - £ - z)!(2Z - 2p + 2m - 2r - 1)!! , , w , , t ,• , 



i=0 

where 

i-1 



Note 



,217^+1+n+t+l + E2m i +l+t+l,m l +r)(fl,t) 

(-l) m (2/ + t - k)(2l - 2p + 2m - 2r - 1 - 2n + 2t)/i_ ljt+1 (4.25) 

for 21 + t > k, t < n and I > 0. Thus we have fi-i, t +i, fi-2,t+2, • • • , /o,i+t e when 
k < I + t < n or //_i jt+ i, fi—2,t+2i ' ' ' i fk—i-t,2(i+t)—k £ W 7 when I + t < k. For the later 
case, we can get G W. Now suppose / ,/+t £ W 7 - Applying 

^,2^+1+9 - ^r^+l+n+g.mj+r)!^ = d Xr dg q - n+q d Xn ^ +r (4.26) 

to /o,z+t, we obtain a;~ fc G VF or 6>i • • • 6> fc G W. Applying 

(^+1,2^+1+? - E 2mi +l+n+q,m 1 +r+l)\A r k = X r+1 dg q - 9 n+q d Xr ^ +r+1 (4.27) 

to 0i • • • fc , we get x k r+1 G W. Thus W = W k . 
(3) Assume r — n\. 
Denote 

9 1 

= g s , (g _ t)!(p + " _ (4-28) 
for p > g > 0. By induction on n, we can obtain 

n ™i = f (^~ k 0i • • • 0„) if fc < n, , 4 2g s 

fc 1 (9k-n,k-n-l0l ■ ■ ■ n ) if k > 71. 

Let VF be a nonzero sub module of W k . Then W should contain some weight vector / 
annihilated by osp(2m l + 1, 2n)o . Indeed, / should be of the form 

i 

J2 a ^- l ^ l+t -%0i---0t (4.30) 

or 

V 

biV^gk-w-t't-w-t'-iVpi ■■■°t' (4.31) 

i=0 

because osp(2n\ + l,2n) = so(2mi + 1) © sp(2n), where < t, t' < n, < I < n — t, 
< V < n - t', 21 + t > k and 2V + t' < k. 

(i) Suppose / = Yl[=obiV l x~ l 9k-2ii~ti,k-2i>-t>-irie i •••Of - Since 
V-i 

= A(/) = 2b ^ 2k ~ 2t ' - 2/' - 1 - 2i)(Z - i)^- < - 1 ^-2i'-f ) fc-2j'-f-i»7^i ' ' ' ^' 

i=0 

z' 

- ^ 26ii(n -t'-i + l)^'-^ fc _2i'-f ,fc-2j'-f-i^"^i • ' ' 0f , (4-32) 
i=i 

we get 

6 i+ i(i + l)(n - f' - i) = bi(l' - i)(2k - 2t' -21' -I- 2i). (4.33) 



Thus / should be a scalar multiple of 
i 



(n-t- £)!(2Jfe - 2t - 21 - 1)!! 

i=0 

Note 



= ,!(/-,)!(2A;-2t-2/-l-2.)!!^ r Sk-^-^iVeOi ■■■Of (4.34) 



4- F VI, 1- (-l)'(n-t-Z) 

(4.35) 

if I + 1 < n and k — 21 — t > 1. So we can assume l + t = noik — 21 — t = 1. 
(a) If Z + 1 — n, then 

K-t,t = jUOh _ 9 „ _ 1 J' 9 -N I , r 7" _ * _t ^fe-2n+t,fc-2n+t-l^^l " ' " (4-36) 



i!(2Jb - 2n - 1 - 2i)!! 



We have 



(-Z^rr^n^+l+n+t+l + ^2^ +l+t+l,m 1 )(h n -t,t) 
= (-l) t+1 (k-2n + t)(2k-An + 2t + l)h n _ t _ l:t+l . (4.37) 

Thus /i n _ t _ 1)t+ i, /i n _i_ 2 , 4+ 2, • ■ ■ , ^o,n e W. Since h 0>n = g k - nM - n - X Qi ■■■9 n , we get W = 
by flCTl). 

(b) Assume k — 21 — t = 1 and / + t < n. Then 



/ 



^ " / "' fc - 2 '- 1 " 1* »!(Z-0!(2Z-l-2*)!! ^ ' ' ' (4 ' 38) 



i=Q 

Now we take induction on /. When I = 0, we have 



(E 2 m 1 +l,2m 1 +l+n+k + -^2^ +l+fc,2m 1 +1 ) (^0,fc-l) — 

{-if- l e 1 ---e k (4.39) 

and 

n 

• - • e n = J] (E 2m , 2mi+1+n+J + ■ ■ • (4.40) 

j=k+l 

Thus W = H^ 1 . 

Now we assume / > 0. Observe that k — 21 — t+1 < t + I < n and 

{E2rn 1 +l,2m L +l+n+k-2l+l + ^hrr^ +l+fc-2Z+l,2m l +l) (^'2m l +l,2m l +l+n+fc-2i 
+-E , 2rri 1 +l+fc-2«,2m 1 +l)(^«,fc-2i-l) 

= -(n-A; + Z + l)(2Z-l)(2n-2A; + 2Z-l)/i l _ llfc _2i+i. (4.41) 

Since n — + Z + 1 = n — / — £ > 0, we get hi-x^-n+i £ W 7 . Therefore = 7^ by 
inductive assumption. 



(ii) Assume / = Y!i=o a iV l x l Xr£ l+t k Ve^i • • Tnen 
1-1 



= A(/) = ^2a l (2A;-2t-2/-l-22)(/-^- i " 1 x^ +t - fc r / ^ 1 --^ t 

i=0 

- £ 2a,z(n - t - i + • • • t . (4.42) 



i=l 

Thus we get that / should be a scalar multiple of 
/ 



{n-t-i)\{2k-2t-2l- 1)!! 

1 

i=0 

where we treat 



kt ~ 2- z!(/-z)!(2fc-2t-2/-l-2z)!!^ ^ ^ ' ' ' (443) 



(2£ — 2f — 2/ — 1 V 

(2 fc-2t-2/-l-2i)!! = (2^-2t-2/-l)(2A;-2t-2/-3) • • • (2*-2t-2/+l-2i). (4.44) 

We will show IV = "H^ 1 by induction on I. When I = 0, we have / 0jt = x^Oi ■ ■ ■ 9 t G W 
and 

n 

k @l ' ' ' ®n = ( — l)( fe+1 ^ n ^ J J (^m^mj+l+n+j + +l+j,m 1 ){fl,k-2l)- (4.45) 

i=fc+l 

Thus W = 7Q because of 105)1 . Now assume Z > 0. Note 

,2^ + i + „ +t+ i+^+i + t + i,2^ )(/i,t) = (-l)*(2/+t-A;)(2n-2A; + 2/ + l)/ i _ 1 , m . (4.46) 

If 2/ + t 7^ k, then we get /n-i^+i G which implies IV = H^ 1 by inductive assumption. 
If 21 + t = k, then 

J^(2l-l)\\(n-k + 2l-i)\ 2l __ 2i i 

fi,t = fi,k-2i = 2^ i\{i - i)\(2l - I - 2i)\[ X2n h+ lVe91 ' ' ' 9k ~ 2h (4 ' 47) 

When k — 21 — n — 1, we have Z = 1, k — n + 1 and 



(-E , 2m l +l,2m L +l+2n + ^2m^ +l+n,2m 1 +l) (/l,n-l) 



-l) fc x 2mi+ A---^ n . (4.48) 



Therefore, IV = ft™ 1 due to (14291) . 

Now we assume k — 21 < n — 1. Observe that 

(-^2m 1 +l,2m 1 +l+n+fc-2i+2 + + l+fc-2Z+2,2m 1 +1 ) (-^2^ +1,2^ + l+n+/c-2i+l 

+-E , 2m L +.l+fc-2J+l,2m l +l) [fl,k-2l) 

= -{2n-2k + 2l + l)(2l-l)(n-k + l)f l - 1>k -2i+2. (4.49) 
We get W = "H^ 1 by inductive assumption if n — k + I ^ 0. 



When k = n + I, we have 

f -f ->T (2fc- 2w-l)!! 2 (fc-n-i) ifl fl a , m 

/M - Jk-n,2n~k - i\(2k-2n- 1 -2i)!! 2m i +1 ^ 1 ' ' ' 2n_fe ^ ^ 

and 

+ 1+277 — fc+ljTTTj^ )(/fc-n,2n-fc) — hk- n -l,2n-k+l- (4-51) 

Thus we get h k - n -i,2n-k-i G W 7 , which implies W = "H^ 1 by (i). □ 
Let us go for the submodule *4/ fc (cf. (1.15)). We know that the sub module A' k is 
irreducible when n — 0. Thus it is not difficult to check the irreducibility of .44. 

Theorem 4.2 TTie osp(2n\ + l,2n)-submodules A' k are irreducible. 

Proof. (1) Assume Si 7^ 0. Take i G Si and 7^ / G ^4' fc . If / is not independent of 
02^+1, we apply 

^TTTj +1+7,27^ +1+71+7 |„4' = Xi8 Xn+i (4-52) 

to / and get some 7^ f\ G (/) satisfying d Xn+i (fi) = 0. If f\ is not independent of $27^ +i) 
we have 

/ 2 = (-^277^ +1,27^ +1+77+7 + -E^+l+i^+ljU^/l) = Xid2m 1 +l(fl)- (4.53) 

Anyway there is some nonzero /' = f'(x 1: ■ ■ ■ , x 2 „; #i • • • , 9 2mi ) G (/). By Theorem 3.2, 
we obtain 

Span {x a 9 h ---e it E A' k \ < t < 2rr\; ,i t G L>^} C (/). (4.54) 

Now for any a;"^ • • • 6^62^+1 G .44, we have 

X a 9 il ■ ■ ■ 9 it 6*277^+1 = —r(E2m L +l,2m 1 +l+i — E 2mi +l+n+i,2m 1 +l)(XiX a @i 1 ' ' ' &i t ) G (/). 

Cti -\- 1 

(4.55) 

Therefore (/) = A' k . 

It can be similarly proved when 7\ 7^ 0. 

(2) Suppose Si U Ti = 0. We can assume T — l,n by symmetry. We claim that 
= •••flmi) when k <rr\. 

Using Theorem 3.2, we get 

Span {x a 9 ll ■ ■ -e it G A k I < t < 2rr\; i u ■ ■ ■ ,i t G L>7^} C • • -9 mi ) (4.56) 

when k < mi. Since 

^"071 ' ' 'dit ^27771+1 = — r(-^2m+l + l,2777l+77+7 + ^Dll +1+7,27771 + 1 ) (^n+i^^h ' ' ' ^ H ) 5 

«77+7 + -L 

(4.57) 



we obtain A' k = {x™ 1 Q\ ■ ■ ■ mi ) when k < n\. Now we assume k = mi. Since 

(^mi+l^mj+l+n — ^2mi +l+2n,2m.i + 1 ) (^mi +l,2mj +n — ^2mi +2n,2mi+l )(01---0 

mi I 

= x n -ix 2n di ■ ■ ■ 9 mi (4.58) 

and 

+l,2m 1 +n -E'2mi+27i,2mi + l) (-^'2mi+l,2m 1 +l+n -£'2mi+l+2n,2mi+l) (^1 ' ' °^mi) 

= V2n-i^r-^ mi , (4.59) 
we have 

Span {acX" A e ^ | < t < 2^; ii, • • • ,j ( Gl>^} C (x^^ • • • 9 mi ). (4.60) 

Again by g37]), we get ^ = <0 X • • • mi ). 

Now for any 0^/6 we can write f = fo + fi9 2mL +i with / , /i independent of 
2 mi+i- Applying osp(2n\,2n) + to /, we get some 7^ # = g + 9i9 2mi +i G (/) satisfying 
osp(2n\, 2n) + (g ) = and osp(2n\, 2n) + (g 1 ) = 0. 

(i) < mi- According to Theorem 3.2, we can write 

g = ax^-% ■■■e mi + bx^~ k+ % ■ ■ ■ 9 mi 9 2mi+1 (4.61) 

where a, b G C. Thus x™ 1 ~ k 6 1 ■ ■ ■ 9 mi G (/) or ar™ 1_fc+1 0i • • ■ 9 mi 9 2mi +i G (/) because they 
have different weights. If x™ 1 ~ h+1 9i ■ ■ ■ mi 02mi+i G (/), we have 

X™ 1 01 • • • mi = — — - (E2m 1 +1,2^ +l+2n+-E2m L +l+n,2m 1 +l)( a; ™ 1 01 • • • 0mi^2mi+l)- 

(4.62) 

Anyway x™ 1_fc 0i ■ • • mi G (/), which implies (/) = A' k . 

(ii) k = mi- We can write 

g = a9 1 ---9 mi + b(x n _ix 2n - x n x 2n - 1 )9 1 ■ ■ ■ mi + cx„0i • • • 8 mi 9 2mi +i, (4.63) 

where a, 6, c G C. Thus 9 1 ---9 mi G (/) or {x n -ix 2n - x n x 2n ^ 1 )9 1 ■ ■ • 9 mi G (/) or 
x n 0\ ■ ■ ■ mi 2 m 1+ i € (/). If x n 0i • • • mi 2mi+ i G (/) , we have 9 X ■ ■ ■ mi G (/) by (|4.62|). 
If (x„_ix 2 „ - x n a;2„_i)0i ■ • ■ 9 mi G (/), we have 

{E 2 m 1 +l. 2 m 1 + 2 n + E 2m ^ + n ,2m l +1 ) ( (x n -iX 2n — X n X 2n -\)9l • • • mi ) 

= -(-l) mi x n 0i---0 mi 2mi+ i. (4.64) 
Thus0x---0 mi G (/). □ 
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